Motivated by the coupling unification problem, we propose a novel extension of the Minimal Supersymmetric Standard Model. One of the predictions of this extension is existence of new states neutral under SU (3) c ⊗ SU (2) w but charged under U (1) Y . The mass scale for these new states can be around the mass scale of the electroweak Higgs doublets. This suggests a possibility of their detection in the present or near future collider experiments. Unification of gauge couplings in this extension is as precise (at one loop) as in the MSSM, and can occur in the TeV range.
I. INTRODUCTION
Supersymmetry provides an elegant solution to the naturalness and hierarchy problems. The Minimal Supersymmetric Standard Model (MSSM) is a viable candidate for describing physics above the electroweak scale. At present there is no direct evidence for supersymmetry. Nonetheless, unification of gauge couplings [1] in the MSSM provides an indirect hint for new physics at LHC.
The gauge coupling unification in the MSSM occurs with a remarkable precision. It is, however, reasonable to ask whether the unification scale is indeed M GU T ≈ 2 × 10 16 GeV as predicted via extrapolating the LEP data by assuming the MSSM matter content all the way up to M GU T (that is, by assuming the standard "desert" scenario). In particular, one might wonder whether it is possible to consider an extension of the MSSM where unification of couplings occurs with just as good precision as in the MSSM but, say, at a lower scale. In fact, one could also require that such an extension explain why couplings unify in the MSSM at all, that is, why this unification is not just an "accident".
The question of where and how the gauge coupling unification occurs is certainly important from the phenomenological viewpoint. There is, however, additional motivation to address this issue. In string theory, which is the only known theory that consistently incorporates quantum gravity, the gauge and gravitational couplings generically are expected to unify (up to an order one factor due to various thresholds) at the string scale M s = 1/ √ α ′ . A priori the string scale can be anywhere between the electroweak scale M ew and the Planck scale M P = 1/ √ G N (where G N is the Newton's constant). Thus, in the "Brane World" picture [2] the Standard Model fields reside inside a p-brane, whereas gravity lives in a larger (10 or 11) dimensional bulk of the space-time. For instance, if we assume that the bulk is ten dimensional, then the four dimensional gauge and gravitational couplings scale as
s , where g s is the string coupling, and V p−3 and V 9−p are the compactification volumes inside and transverse to the p-brane, respectively. For 3 < p < 9 there are two a priori independent volume factors, and, for the fixed gauge coupling α (at the unification, that is, string scale) and four dimensional Planck scale M P , the string scale is not determined [3] .
In fact, in the brane world picture a priori the string scale can be as low as desired as long as it does not directly contradict current experimental data. In [4] a possibility of having M s as low as TeV was discussed. In [5] it was proposed that M s as well as the fundamental (10 or 11 dimensional) Planck scale can be around TeV. The observed weakness of the four dimensional gravitational coupling then requires presence of at least two large (≫ 1/M s ) compact directions (which are transverse to the branes on which the Standard Model fields are localized). A general discussion of possible brane world embeddings of such a scenario was given in [6, 7] . In [8] various phenomenological issues were discussed in the context of the TeV string scenario, and it was argued that this possibility does not appear to be automatically ruled out. However, in such a scenario, as well as in any scenario where M s ≪ M GU T , the gauge coupling unification at M s would have to occur in a way 1 For illustrative purposes here we are using the corresponding tree-level relations in Type I (or Type I ′ ) theory.
drastically different from the usual MSSM unification. In the brane world picture, however, there appears to exist a mechanism [9] for lowering the unification scale. Thus, let the "size" R of the compact dimensions inside of the p-brane (where p > 3) be somewhat large compared with 1/M s . Then the evolution of the gauge couplings above the Kaluza-Klein (KK) threshold 1/R is no longer logarithmic but power-like [10] . (This can alternatively be thought of as considering a higher dimensional theory at energy scales larger than 1/R.) This observation was used in [9] to argue that the gauge coupling unification might occur at a scale (which would be identified with the string scale) much lower than M GU T . The question that needs to be addressed in this context, however, is whether there exists an appropriate extension of the MSSM where the gauge coupling unification can indeed occur via such a mechanism. (For other recent works on TeV scale string/gravity scenarios, see, e.g., [11] . For other scenarios with lowered string scale and related works, see, e.g., [12] . TeV scale compactifications were studied in [13] in the context of supersymmetry breaking.)
Motivated by the above considerations, in this paper we propose a novel extension of the MSSM. In this extension the (one-loop) gauge coupling unification occurs with just as good precision as in the MSSM. The unification scale, which we will refer to as M s , can, however, be much lower than M GU T . The light modes in our model consist of the MSSM fields plus two new N = 1 chiral superfields F ± transforming in (1, 1)(±2) of SU(3) c ⊗SU(2) w ⊗U(1) Y (the hypercharge is given in parentheses). The massive KK modes (corresponding to p − 3 > 0 compact directions arising in the embedding of this model in a p-brane) have N = 2 supersymmetry from the four dimensional viewpoint. (We will give the precise massive KK spectrum in section II.) An interesting prediction of the extension we propose here is possible existence of new light modes F ± . Since these states are "vector-like" (just as the MSSM electroweak Higgs doublets H ± ), it is possible that their mass scale is around that of the Higgs doublets. (In particular, the "µ ′ -term" µ ′ F + F − for the F ± fields can be comparable to the µ-term µH + H − for the Higgs doublets.) This suggests a possibility that, if the fields F ± indeed exist, they could be detected in the present or near future collider experiments.
The rest of this paper is organized as follows. In section II we give the precise definition for the extension of the MSSM we propose here. In section III we discuss the gauge coupling unification in our models. In section IV we discuss possible brane world embeddings with some properties of the KK spectrum arising in our model. In section V we summarize our results and discuss some open questions. Some details of KK threshold computation are relegated to appendix A.
II. THE MODEL
In this section we describe in more detail the extension of the MSSM outlined in Introduction. For later convenience, let us fix the notation for the MSSM fields. We have N = 1 supersymmetric SU(3) c ⊗ SU(2) w ⊗ U(1) Y gauge theory with the following chiral supermultiplets:
Here the SU(3) c ⊗ SU(2) w quantum numbers are given in bold font, whereas the U(1) Y hypercharge is given in parentheses. The three generations (i = 1, 2, 3) of quarks and leptons are given by Q i , D i , U i respectively L i , E i , whereas H ± correspond to the electroweak Higgs doublets. Next, consider the extension of the MSSM obtained via adding two new chiral superfields F ± :
In the following we will use the collective notation Φ ≡ (V,
, where V stands for the N = 1 vector superfields transforming in the adjoint of SU(3) c ⊗ SU(2) w ⊗ U(1) Y . (Here we should point out that incorporating right-handed neutrinos in this model is straightforward in the sense that they do not affect the unification prediction as they are neutral under SU (3) 
We now wish to consider a straightforward lifting of the above model with N = 1 superfields Φ to N = 2 supersymmetry. In this process the N = 1 vector multiplets V are promoted to N = 2 vector multiplets V = V ⊕ χ, where χ stands for the N = 1 chiral superfields transforming in the adjoint of SU (3) 
Similarly, all of the N = 1 chiral supermultiplets are promoted to the corresponding N = 2 hypermultiplets which differ from the former by the additional N = 1 chiral supermultiplets of opposite chirality but the same gauge quantum numbers. We will refer to these additional N = 1 chiral superfields as
Let Φ be the collective notation for the N = 2 superfields. Then we can write Φ = Φ ⊕ Φ ′ , where
. We can view the four dimensional N = 2 supersymmetric model with the superfields Φ as the low energy limit of, say, the corresponding six (five) dimensional N = 1 supersymmetric theory compactified on a two-torus T 2 (circle S 1 ). More precisely, let us consider a gauge theory with eight supercharges living in the world-volume of some number of coincident Dp-branes [14] (where p = 4 or 5). For the sake of concreteness let us focus on the case of D5-branes (as the discussion for D4-branes is similar). Let two of the spatial dimensions inside of the D5-branes be compactified on T 2 , which, for the sake of simplicity, we will take to be a product of two identical circles T 2 = S 1 ⊗ S 1 with the radius R. Then the effective field theory below the KK threshold 1/R is the four dimensional N = 2 supersymmetric gauge theory. The masses of the KK modes are given by
where the vector m = (m 1 , m 2 ) (m 1 , m 2 ∈ Z) labels the KK levels. The quantum numbers of the fields at each KK level are given by Φ. Note that both the light (that is, m = (0, 0)) and massive KK modes have N = 2 supersymmetry from the four dimensional viewpoint. Next, we would like to orbifold this N = 2 KK theory to obtain a model with N = 1 supersymmetric light spectrum. That is, the orbifold group Γ must be a finite discrete subgroup of the SU(2) R global R-parity group of the N = 2 superalgebra. More precisely, Γ must be a subgroup of a U(1) R subgroup of SU(2) R since we wish to preserve N = 1 supersymmetry. This implies that Γ must be isomorphic to Z N . It is straightforward to consider the most general case, but for the sake of simplicity we will focus on the simplest possibility, that is, Γ ≈ Z 2 . The action of the generator g of this Z 2 breaks SU(2) R down to U(1) R . In particular, under the action of g the fields Φ are even, whereas the fields Φ ′ are odd. Here we are assuming that g acts trivially on the SU(3) c ⊗ SU(2) w ⊗ U(1) Y gauge quantum numbers as well as on the "flavor" quantum numbers (corresponding to the three generations of quarks and leptons). We also need to specify the action of g on the KK quantum numbers labeled by m.
Thus, let x, y be the real coordinates corresponding to the two directions compactified on S 1 ⊗ S 1 . We can then take the action of Γ on x, y to be given by g : (x, y) → (−x, −y). This implies that g : (m 1 , m 2 ) → (−m 1 , −m 2 ). Then for a given m = (0, 0) the linear combination (|m + | − m )/ √ 2 is even under the action of g, whereas (|m − | − m )/ √ 2 is odd. Also, the state |m = |(0, 0) is even under Z 2 . The spectrum of the orbifold model is obtained by keeping the states even under g, while projecting out the states that are odd. This gives us the following spectrum:
where without loss of generality we can assume that m 1 > 0. Thus, the light modes are given by the N = 1 superfields Φ, whereas the massive KK levels are populated by N = 2 superfields Φ. (Note that at massive KK levels we can combine the states with Φ and Φ ′ quantum numbers into N = 2 superfields with Φ quantum numbers.)
A. Refinements
In the above construction we have assumed that the action of the orbifold group Γ on the "flavor" quantum numbers is trivial. Here we can consider the following generalization. First, let us modify the parent N = 2 theory in the following way. Let each KK level be populated by the superfields Φ = Φ ⊕ Φ ′ , where now we take
Here r = 1, . . . , n f , where previously we had n f = 3, but now we will take n f to be arbitrary. If we now perform the Z 2 orbifold with the orbifold action on the gauge and "flavor" quantum numbers being trivial, the light spectrum of the corresponding N = 1 model will have n f chiral families of quarks and leptons.
To obtain a low energy spectrum with three chiral families we can proceed as follows. First, let us discuss the cases where n f > 3. We can modify the Z 2 action so that the generator of Z 2 acts non-trivially on the "flavor" quantum numbers. In particular, let us assume that n + f "flavors" are Z 2 even, whereas n − f "flavors" are Z 2 odd, where n
Then it is not difficult to see that we will have the low energy spectrum consisting of N = 1 SU(3) c ⊗ SU(2) w ⊗ U(1) Y gauge theory with the matter given by the chiral superfields H ± , F ± as well as n + f left-handed and n − f right-handed chiral generations of quarks and leptons. Thus, we have three chiral families plus n − f "vector-like" families. (The latter can generically acquire masses of order of M ew or higher, so that their presence need not contradict the current experimental data.) The massive KK spectrum is N = 2 supersymmetric as before. The only difference is that the number of hypermultiplets which are the N = 2 counterparts of the MSSM chiral generations is now n f .
Next, let us consider the cases where n f < 3. Here the analysis is the same as above except that now n + f − n − f < 3. This implies that the orbifold projection of the parent N = 2 KK theory alone cannot produce a low energy spectrum with (the net number of) three chiral generations. We, therefore, would have to assume that there are some additional ("twisted") sectors in the theory which give rise to the light modes corresponding to the rest of the 3 + n − f − n + f chiral families (and, possibly, to some additional "vector-like" families). Note, however, that in this setup the light modes from these new sectors do not have massive KK counterparts. (That is, the KK modes with the quark and lepton gauge quantum numbers arise only in the original sector of the theory corresponding to the projected N = 2 KK theory.) We will discuss possible sources of these additional sectors in section IV. Here, however, we will simply assume their existence, and study the gauge coupling unification in this model.
III. UNIFICATION
In this section we discuss the gauge coupling unification in the extension of the MSSM described in the previous section. To begin with, let us first consider the familiar case of the MSSM unification. Let α a , a = 1, 2, 3, be the U(1) Y , SU(2) w and SU(3) c gauge couplings, respectively. More precisely, we will use the standard normalization α 1 = 5 3 α Y . The one-loop evolution of the gauge couplings is given by
where b a are the one-loop β-function coefficients in the MSSM:
If we take the LEP data for the gauge couplings at, say, µ = M Z (where M Z is the Z-boson mass), then the extrapolation of α a (in the assumption of the MSSM matter content above the supersymmetric thresholds ∼ 1 TeV) leads to their unification (within the experimental uncertainty) at M GU T ≈ 2 × 10 16 GeV:
Now consider adding the new superfields F ± to the light spectrum of the MSSM. Since F ± are neutral under SU(3) c ⊗SU(2) w , the corresponding β-function coefficients are unchanged. The β-function coefficient for U(1) Y , however, is affected. Let b a be the new β-function coefficients:
Since the new fields F ± are "vector-like", a priori they can acquire non-zero mass even if N = 1 supersymmetry is unbroken. We will refer to the mass scale of the superfields F ± as M F . Then in the one-loop logarithmic running of the gauge couplings we must use the β-function coefficients b a at energies below M F , and b a at energies above M F . Note that with this new matter content the unification prediction is ruined (i.e., the three gauge couplings no longer meet at a single scale) unless M F is around M GU T .
However, the light spectrum 2 is accompanied by the infinite tower of the KK modes discussed in the previous section. Thus, above the KK threshold 1/R we must take into account the contributions of the KK modes to the gauge coupling running. Here we can proceed in two equivalent ways. We can "integrate in" the KK modes as we go to higher and higher energies. The gauge coupling running is then no longer logarithmic but powerlike above the KK threshold. This way we can compute the modification to (2) due to the KK modes as a function of the energy scale. Then we can see whether the running gauge couplings defined this way unify at some energy scale. Alternatively, we can assume that at some scale M s (which we will identify with the string scale in the brane world picture) the gauge couplings are the same, and compute the one-loop corrections to the gauge couplings at some low energy scale µ ≪ 1/R < M s . Then we can see whether the one-loop corrected gauge couplings at the energy scale µ agree with the experimental data.
Here we will follow the second approach. More precisely, in the string language we can assume that the tree-level gauge couplings are the same for all three gauge subgroups. The energy scale dependent one-loop corrections to the gauge couplings then come from the corresponding infra-red (IR) divergences in string theory [15] (and the energy dependence arises via the IR cut-off), which give precisely the field theoretic logarithmic evolution of gauge couplings. There are also energy scale independent corrections from various one-loop thresholds. Thus, if we are interested in gauge couplings at energy scales µ ≪ 1/R, these threshold corrections come from the heavy KK modes, as well as string states such as string oscillator modes. At one loop we have
where
p−3 s V p−3 is the "unified" gauge coupling at the string scale M s , g s is the (ten dimensional) string coupling, and V p−3 is the volume of the compact dimensions inside of the Dp-brane world-volume. (Here we are using the conventions of [16] .) The threshold corrections ∆ a can be computed in string theory using the standard techniques [15] 3 . Here we are only going to be interested in the thresholds due to the massive KK modes as they give the leading contributions in the regime where (RM s ) p−3 ≫ 1. In fact, using the results of [10] , we have (see appendix A for details):
where O(1) terms include the corrections due to string oscillator modes as well as other contributions. In (6) the β-function coefficients b a are those of the underlying N = 2 theory.
In our examples this is the gauge theory given by the fields Φ. The β-function coefficients for the matter content discussed in section II are given by:
Here n f is the number of "flavors" at the massive KK levels (see section II). The appearance of the N = 2 β-function coefficients in the KK thresholds is not surprising as the massive KK modes have N = 2 supersymmetry. Also, the fact that in the (RM s ) p−3 ≫ 1 regime the KK thresholds go as ∼ (RM s ) p−3 can be understood by noting that this is simply the number of the massive KK modes lying between the lowest KK threshold 1/R and M s (and each KK level contribution to ∆ a is of order 1). Finally, the coefficient η p is a (strictly speaking subtraction scheme dependent) numerical factor of order 1 (which we define more precisely in appendix A).
The expression (5) is valid at energy scales below the KK threshold 1/R. Suppose that M F is not much lower than M s . Here we can ask whether the low energy couplings given by (5) agree with the experimental data. Using the fact that the gauge couplings unify at the scale M GU T in the MSSM context, it is not difficult to see that the condition that guarantees correct values for α a (µ) in the present setup is the following:
Recall that b a are the MSSM β-function coefficients, whereas b a are those of the N = 2 gauge theory with Φ superfields. Note that the above condition is satisfied in our model. In fact, we have
This, in particular, implies that
is independent of a. Here we would like to emphasize that if the mass scale M F of the F ± superfields is much lower than M s , unification is no longer possible due to large contributions of the second logarithm in (5) as the ratios (
Also, here we must assume that M F < ∼ 1/R. This is due to the following. A non-vanishing mass term for the light F ± states generically implies that the entire tower of their massive KK counterparts is also shifted. This would affect the computation of the KK thresholds substantially if M F > ∼ 1/R. To maintain control over the KK thresholds we, therefore, should require that M F is somewhat lower than 1/R.
A. Lower Bound on M s
In this subsection we discuss a lower bound on the unification scale M s arising in the model of section II. To see how this bound comes about, let us go back to the unification relations (10), (11) . In particular, let us examine the expression (11) for the "unified" gauge coupling α, which, more precisely, is the tree-level gauge coupling. It is clear that we must have α −1 > 0, which ultimately implies the following lower bound on M s (provided that κ > 0):
Thus, for n f = 3 we have κ = 9, and the lower bound reads (where we take α GU T ≈ 1/24, and
GeV. This implies that the mass scale M F of the new states F ± cannot be much lower than 10 7 − 10 8 GeV (which is dictated by the fact that otherwise the unification prediction would essentially be ruined). A priori there is nothing inconsistent with having such large M F , and such a scenario could be viable. In fact, since the states F ± are "vector-like", generically there are two natural scales for
where M H is the mass scale for the electroweak Higgs doublets. Here M X is some high scale which typically is of order M s , but sometimes can be somewhat (albeit generically not too much) lower than M s . For instance, M X can be related to an anomalous U(1) scale (which can be an order of magnitude or so lower than M s ). Often it is actually more problematic to explain lower mass scales for such "vector-like" matter than the higher ones. In the case of the electroweak Higgs doublets this is known as the µ-problem which can be posed as the question of why is the mass parameter µ in the µ-term µH + H − of order of the electroweak scale M ew rather than, say, M s (provided that M s ≫ M ew ). A similar question could be asked about the "µ
Nonetheless, since we expect the electroweak Higgs doublets not to be much heavier than M ew , it is not unnatural to imagine a scenario where M F would also be of the same order of magnitude. On the other hand, for this to be compatible with the unification constraints in the present context, we must assume that M s is not too much higher than TeV (since to preserve the unification prediction M s should not be too much higher than M F ). We can then wonder whether the unification scale can be lowered to such values. From (13) it is clear that the only way to do so is to lower the value of κ. This is achieved by considering lower values of n f .
Note that for n f = 0 the bound (13) is absent as in this case κ < 0, and the "unified" gauge coupling α is always smaller than α GU T . On the other hand, for n f ≥ 1 the bound (13) is non-trivial as κ > 0 in these cases. For n f = 1, however, the lower bound on M s comes out to be way below M ew , so phenomenologically it is immaterial. For n f = 2 we have a non-trivial lower bound: M s > ∼ 1.6 TeV. (Here we are neglecting contributions from possible additional "vector-like" generations in the light spectrum which would further raise the lower bound on M s .)
Thus, we see that in such a scenario M s could a priori be lowered to a few TeV. Then the mass scale M F of the new light states F ± could be as low as a few hundred GeV (that is, around the mass scale of the electroweak Higgs doublets H ± ). In such cases we have an experimental prediction -the new states F ± beyond the MSSM spectrum -which could be tested in the present or near future collider experiments.
B. Higher Loop Corrections
So far we have discussed one-loop renormalization of the gauge couplings. In this subsection we would like to address the issue of how reliable is the one-loop approximation. Naively, it might seem that as long as the "unified" gauge coupling α is small, the higher loop corrections are negligible. This is, however, not the case. The true expansion parameter is not α/2π (which would be the case if the effective field theory description in terms of just the light modes was adequate all the way up to the string scale M s ). Rather, the correct expansion parameter is related to the string coupling g s . This is due to the fact that although each KK mode (including the light modes) couples with the strength of order α, there are many (namely, (RM s ) p−3 ) KK modes between the KK threshold 1/R and the string scale M s . All of these modes contribute into the gauge coupling renormalization at higher loops, and the true loop expansion parameter is enhanced 4 by a factor of (RM s )
compared with α/2π. Let us be more precise here. The loop expansion parameter is given by λ s N in the open string sector, and by λ 2 s in the closed string sector. Here λ s ≡ g s /4π (as we have already mentioned, we are using the conventions of [16] ). The factor of N accompanying λ s in the loop expansion parameter for the open string sector is the number of Dp-branes
This expression makes it apparent that λ s need not be small (even if α is) for the factor
For illustrative purposes let us estimate λ s in some specific examples. Suppose the unification scale is M s ≃ 10 TeV. Then we can estimate the corresponding compactification radius from (10) . Here we need to specify the subtraction scheme to obtain η p . For the sake of concreteness we will use the value of η p in the subtraction scheme used in [9] (see footnote 14 in appendix A). For p = 5 (that is, in the case of two extra compact dimensions inside of D5-branes) we then have η 5 = π/4, and RM s ≃ 6.1. Next, we can obtain the value of α from (11) using (12) for κ. Thus, for n f = 1 we have α ≃ 1/19.5, and λ s ≃ 0.15. Similarly, for n f = 2 we have α ≃ 1/1.46, and λ s ≃ 2.0. Thus, we see that in the n f = 2 case the loop expansion parameter is bigger than one. In fact, in the open string sector this is further enhanced by the number N of D5-branes (which must be at least 4 to accommodate the Standard Model gauge group, but generically is expected to be even larger). Thus, in the n f = 2 case the perturbation theory breaks down for such low values of M s . This, in particular, implies that we have no control over the higher loop corrections which could ruin the unification prediction. Note that λ s can be lowered by raising the unification scale M s . Thus, to have, say, λ s < ∼ 0.15, we must require M s > ∼ 170 TeV.
Thus, we see that n f = 0, 1 cases are preferred if we want to have relatively low values of M s and, at the same time, maintain control over the higher loop corrections. In fact, even in these cases it is far from being obvious that the higher loop corrections do not ruin the unification prediction. Thus, let us go back to the case n f = 1 with M s ≃ 10 TeV. In this case we have λ s ≃ 0.15, but the loop expansion parameter in the open string (that is, gauge) sector of the theory is still expected to be (at least) of order 1 (which is due to the enhancement by a factor of N). However, as we will argue in a moment, the higher loop corrections are expected to be of order 1 (which are subleading compared with the KK threshold corrections ∼ (RM s ) p−3 ≫ 1) provided that the loop expansion parameter is of order 1. As we will see, this statement is a non-trivial consequence of supersymmetry, and we would not have had any reason to expect it to hold in non-supersymmetric theories.
Thus, let us discuss the expected sizes of the higher loop corrections when the loop expansion parameter λ s N ∼ 1. To simplify the discussion, let us consider the case of a single gauge group G. (The generalization to a product gauge group is straightforward.). We will assume that the massless modes (with quantum numbers Φ) are N = 1 supersymmetric, and the corresponding heavy KK modes (with quantum numbers Φ = Φ ⊕ Φ ′ ) are N = 2 supersymmetric in complete parallel with our discussion in section II. Also, we will assume that the KK modes correspond to a single compact direction. (That is, here we are considering the case of D4-branes with one of the space-like directions inside of their world-volume compactified.) Let α be the tree-level gauge coupling. Furthermore, let α(µ) be the renormalized gauge coupling at the scale µ.
On general grounds we expect the renormalized gauge coupling at scales µ ≪ 1/R to be given by
where ∆ is the (µ-independent) contribution due to the heavy KK thresholds, whereas f (µ) corresponds to the gauge coupling running. Here we are interested in estimating sizes of both f (µ) and ∆. The L-loop order contribution α
where m counts the number of the loop propagators corresponding to the heavy KK modes with independent KK momentum summations. (Note that the KK momentum must be conserved inside of the loop diagram as the two external gauge boson lines carry zero KK momentum.) The enhancement factor (RM s ) m arises due to RM s heavy KK states propagating in each of these m internal lines. The coefficients c m,L generically depends on the energy scale µ via an appropriate IR cut-off. Note that for RM s ≫ 1 the coefficients c m,L < ∼ 1 for energy scales µ not too much smaller than 1/R. (Thus, here and in the following we will treat logarithms of the type log(RM s ) as being of order 1.)
For λ s N ∼ 1, naively one might expect a large (that is, of order α (16) . (Note that this term is µ-independent. More precisely, it is finite in the limit µ → 0.) However, as we will show in a moment, for L ≥ 2 this contribution is actually suppressed by an additional power of RM s , and, therefore, it is at most of order N. This is much smaller than the corresponding one-loop contribution (due to the one-loop KK threshold corrections) which is of order N(RM s ) as can be seen from (6) . Thus, we have
where the estimates here should be understood symbolically (that is, we are suppressing the µ dependence in the corresponding contributions). This implies that higher loop contributions to the gauge coupling renormalization are subleading compared with the one-loop contribution, albeit they are of order 1 so we have to worry about the perturbative "convergence" issues (which we will discuss in a moment). However, first let us show that the higher loop contributions are indeed of order 1 instead of RM s . The key observation here is the following. Consider the gauge coupling renormalization in the parent N = 2 gauge theory with the gauge group G (with the same tree-level gauge coupling α as in the N = 1 theory). In this theory the massless as well as heavy KK modes carry Φ quantum numbers. The number of the heavy KK modes, however, is twice that in the N = 1 theory (which is due to the Z 2 orbifold projection in the latter). For the N = 2 theory we have:
where we have (Nα/2π) L instead of (Nα/4π) L (as in (16)) as the loop expansion parameter in the N = 2 theory is N λ s = Nα(RM s )/2π = 2Nλ s . (Recall that in the N = 2 theory the volume of the compactified direction inside of the D4-branes is twice that in the N = 1 theory.) In fact, with this normalization we have c L,L = c L,L . Now, the gauge coupling is not renormalized beyond one loop in the N = 2 theory: α −1 L>1 (µ) ≡ 0. This implies that due to N = 2 supersymmetry there is a cancellation in the coefficient c L,L (for L > 1) such that it is at most as large as 1/RM s (or else the required cancellation between the m = L term and the terms with m < L would not be possible). Thus, we have shown that c L,L = O(1/RM s ) for L > 1, which in turn implies that in the N = 1 theory we indeed have (Nα L>1 (µ)) −1 ∼ 1. Having established that in the N = 1 theory the leading correction comes from the oneloop KK thresholds, we must now worry about the fact that all the higher loop corrections are actually of order 1 (for λ s N ∼ 1). Strictly speaking we cannot even trust the perturbation theory. However, it appears that supersymmetry once again offers a way out this 6 . We can gain control over the higher loop corrections by considering the holomorphic gauge coupling α(µ) which in the N = 1 theory runs only at one loop [19] . In fact, we have the following relation [19] :
6 I would like to thank Nima Arkani-Hamed and Gia Dvali for discussions on this point.
where α −1 1 (µ) is the one-loop contribution to α −1 (µ), T i are the β-function coefficients (T i δ ab = Tr i (T a T b )) for massless chiral supermultiplets (or, more precisely, light chiral supermultiplets with masses ≪ 1/R), and Z i (µ) are the corresponding wave function renormalization coefficients. What we would like to know is the size of the log Z i contributions, in particular, if it can be comparable with the one-loop heavy KK threshold contribution (which is of order N(RM s )). This seems to be unlikely as this would imply an exponentially large wave function renormalization in a theory with an order 1 "effective coupling" λ s N, so we can expect that log Z i are of order 1. In other words, intuitively the two a priori natural values for log Z i (which are not ≪ 1) are ∼ RM s or ∼ 1. (Recall that we treat quantities like log(RM s ) as ∼ 1.) The first possibility is hard to imagine as RM s appears in log Z i only via the combination λ s N ∝ Nα(RM s ).
To make the above argument more precise, let us consider the perturbative expansion for log Z i . On general grounds we expect it to have the following form:
where the coefficients d m,L have properties similar to those of c m,L . The above expression implies at a given loop order the leading contribution comes from the m = L term, and it is of order 7 (λ s N) ∼ 1. Thus, we see that the leading contribution to the holomorphic gauge coupling indeed comes from the one-loop heavy KK thresholds. However, the issue here is whether the series (21) is convergent. In certain cases this series can be resummed [20, 21] , and we expect to have a finite convergence radius 8 ξ c ∼ 1, so that for λ s N < ξ c the series is convergent. Moreover, for λ s N within the convergence radius and such that ξ c − λ s N ∼ 1 7 Here we should point out the following. Consider the case where the number of "flavors" n f at the heavy KK levels is 3, and the light chiral generations arise solely via the orbifold reduction of the parent N = 2 theory (that is, there are no additional sectors giving rise to chiral (or "vectorlike") generations.) In this case the couplings of all of the light chiral superfields to the heavy KK modes are dictated by the parent N = 2 supersymmetry. This, in particular, implies that the coefficients d L,L are not of order 1 in this case, but of order 1/RM s . Thus, in this case we expect log Z i ∼ 1/RM s , which would imply that we have control over the Yukawa coupling renormalization (see below). (Note, however, that the perturbative expansion parameter for log Z i is still of order one, so we still need the "convergence" argument given below for the general case.) However, as we discuss in the next section, in this case the Yukawa couplings are not realistic, and there is no top-like generation. On the other hand, if we have additional chiral families coming from the sectors with no heavy KK counterparts, d L,L is no longer suppressed as these states generically have N = 1 (and not N = 2) couplings with the heavy KK modes in the orbifold reduction of the parent N = 2 theory. the value of the resummed series is expected to be of order 1 [20, 21] in accord with the above intuitive arguments. In fact, it is not unreasonable to believe that non-perturbatively this might also be the case as long as λ s N ∼ 1.
The above considerations suggest that the leading contribution to the renormalization of the holomorphic gauge coupling is indeed coming from the one-loop heavy KK thresholds, and the unification prediction is likely to persist even for λ s N ∼ 1. That is, we might be able to neglect (with the uncertainty of order 1/(RM s ) p−3 in the case of Dp-branes) the higher loop contributions as long as α is small and λ s N ∼ 1 (or, at least, if λ s N < ξ c ).
Here we would like to point out that even though the unification prediction for the holomorphic gauge couplings may be safe even for λ s N ∼ 1, we have no way of arguing the same for Yukawa couplings. Thus, Z i are related to the Yukawa coupling renormalization, and, apart from the fact that they are likely to be of order 1, a priori we have no reason to believe that, say, any one-loop unification prediction for Yukawa couplings would persist at higher orders as well.
Finally, the entire discussion of this subsection heavily relies on supersymmetry. Suppose now we have M s of order a few TeV, and 1/R of order several hundred GeV. Since the supersymmetry breaking scale should be right around these scales, we would lose control over the KK tower, the corresponding thresholds, and higher loop corrections which could now go haywire. This suggests that perhaps the string scale should be pushed to 10 − 100 TeV to have a safe unification prediction in this type of models. In fact, this might also be desirable from other points of view: clearly, it should be easier to accommodate various experimental bounds with a slightly higher string/KK threshold scale. Moreover, a little room between the string scale and supersymmetry/electroweak breaking scale might be useful for (perhaps, dynamically) generating various hierarchies (such as fermion flavor hierarchy [22] ) in the Standard Model.
IV. BRANE WORLD EMBEDDING
In the previous sections we have proposed an extension of the MSSM where gauge coupling unification can occur at scales (much) lower than M GU T . One of the key ingredients of our model is the presence of extra dimensions which make it possible to lower the unification scale M s along the lines of [9] . On the other hand, the fact that (at one loop) the gauge couplings unify in this model just as precisely as in the MSSM is due to its matter content. In particular, the massive KK excitations of the new fields F ± are crucial for obtaining the N = 2 β-function coefficients b a with the desired properties 9 . In this section we would like to discuss certain issues concerning possible embeddings of these models in string theory. More precisely, our discussion will be in the context of the brane world scenario [2] , where the Standard Model fields are localized on some Dp-branes 9 The fact that the unification constraint (8) is satisfied in our model is non-trivial. Thus, in the models of [9] (which do not appear to be embeddable in the brane world framework) this constraint is satisfied only approximately so that the actual predictions for the low energy gauge couplings and, say, sin 2 (θ W ) are expected to be a bit off.
(with p > 3 to allow for extra dimensions discussed above), whereas gravity propagates in a larger 10 (10 or 11) dimensional bulk. Here we can ask whether it is possible to embed our model, or at least some of its features, in the brane world context.
The above question has two sides to it. First, we can ask whether we can explicitly construct a consistent string vacuum which reduces to our model at low energies. At present it is unknown how to do this, but this might be due to the lack of necessary technology as many consistent string vacua have not yet been understood. Thus, it is still unknown how to embed, say, the MSSM (with no extra matter charged under SU(3) c ⊗ SU(2) w ⊗ U(1) Y ) in string theory. On the other hand, in our model we require some additional features compared with the MSSM (or its four dimensional N = 1 supersymmetric extensions). In particular, to obtain the desired KK spectra we start with an N = 2 theory and then orbifold it. What we would like to discuss next is how such orbifold actions could be embedded in the brane world framework.
A. Voisin-Borcea Orbifolds
One of the simplest ways of obtaining models with some of the features discussed in the previous sections is via Type I (or Type I ′ ) 11 compactifications on Voisin-Borcea orbifolds [26] . Here we would like to review some facts about these Calabi-Yau three-folds. Let W 2 be a K3 surface (which is not necessarily an orbifold) which admits an involution J such that it reverses the sign of the holomorphic two-form dz 1 ∧ dz 2 on W 2 . Consider the following quotient:
where Y = {1, S} ≈ Z 2 , and S acts as Sz 0 = −z 0 on T 2 (z 0 being a complex coordinate on T 2 ), and as J on W 2 . This quotient is a Calabi-Yau three-fold with SU(3) holonomy which is elliptically fibered over the base B 2 = W 2 /B, where B = {1, J} ≈ Z 2 .
Next, consider Type I compactification on a Voisin-Borcea orbifold Y 3 . Here one needs to specify the gauge bundle embedded in the D9-brane gauge group. For certain choices of the gauge bundle as well as the base B 2 , we can also have D5-branes. Here we are going to be interested in D5-branes wrapped on the fibre T 2 . The low energy four dimensional gauge theory living in the world-volume of these D5-branes has N = 1 supersymmetry. We also have KK states corresponding to compactifying the original six dimensional D5-brane worldvolume theory on T 2 . More precisely, we can think about these KK modes as follows. First consider Type I compactified on K3. This six dimensional theory has N = 1 supersymmetry. Next, consider D5-branes whose transverse directions correspond to K3. That is, these D5-branes fill the six dimensional Minkowski space R 5,1 . Let us now further compactify two of 10 Note that in string theory we expect both gauge and gravitational couplings to unify at the string scale M s . In the context of, say, Type I string theory this appears to require p < 9 [2] .
11 For recent developments in four dimensional Type I (Type I ′ ) compactifications/orientifolds, see, e.g., [23] [24] [25] .
the directions in R 5,1 on a two-torus T 2 . The corresponding four dimensional theory has N = 2 supersymmetry. Thus, the low energy effective theory of the D5-brane world-volume theory is an N = 2 gauge theory in four dimensions. The corresponding KK excitations also have N = 2 supersymmetry from the four dimensional viewpoint. Now let us orbifold this theory by the Z 2 orbifold group Y whose generator acts as a reflection z 0 → −z 0 on T 2 , and as the involution J on K3. The latter breaks the SU(2) R R-parity group of the N = 2 gauge theory to U(1) R . Correlated together with the reflection of T 2 , it produces an N = 1 supersymmetric gauge theory in four dimensions plus the KK excitations which still come in N = 2 supermultiplets. In fact, this is precisely the Z 2 orbifold action described in section II.
Here the following remark is in order. Perturbatively, when considering Type I compactifications on orbifolds, the orbifold group action on the Chan-Paton factors is typically fixed by the tadpole cancellation conditions. More precisely, suppose we view a given Type I compactification as a Type IIB orientifold. Then generically the action of the orientifold on the Chan-Paton factors is determined (or at least severely constrained) by the one-loop tadpole cancellation conditions. As an example let us consider the case where K3 in the above construction is a Z 2 orbifold limit of
The corresponding Voisin-Borcea orbifold then has the following geometry:
Let the generators of the two Z 2 's be g 1 and g 2 . The action of these orbifold elements on the Chan-Paton factors is given by N × N matrices (where N is the number of D-branes of the corresponding type). These matrices must form a (projective) representation of (the double cover of) the orbifold group Z 2 ⊗ Z 2 . The perturbative tadpole cancellation conditions require that the Chan-Paton matrices γ g 1 and γ g 2 corresponding to the elements g 1 respectively g 2 are traceless: Tr(γ g 1,2 ) = 0. This implies that both of the Z 2 subgroups act non-trivially on the gauge quantum numbers of, say, the D5-branes in this example. In fact, typically this is the case in perturbative orientifolds. On the other hand, in our construction in section II we have assumed that the Z 2 orbifold action on the gauge quantum numbers was trivial. This might appear as a shortcoming of our construction is section II, but here one should keep in mind that for non-perturbative orientifolds a non-trivial action of the orbifold group on the Chan-Paton factors may not be required. In fact, in the following we will argue that if there is an orientifold embedding for our model it should be non-perturbative.
B. Twisted Sectors
Recall from section III that in order to lower the string scale M s below 10 9 GeV we had to assume n f < 3, where n f is the number of "flavors" at the massive KK levels. As we discussed in section II, in such cases some of the three chiral families in the light spectrum must come from some additional sectors such that light states from these sectors have no KK counterparts. It is natural to ask whether such states can arise in string theory. The answer to this question is positive in the following sense. Since we are considering orbifold compactifications, the corresponding quotients will have a set of points fixed under the action of the orbifold group. For instance, in the case of the Voisin-Borcea orbifolds the Z 2 twist S (see the previous subsection) can act with fixed points. In particular, the fixed point set has real dimension two in this case. At each fixed point there is a collapsed two-sphere P 1 . If the world-sheet description is adequate D-branes wrapped on such P 1 's do not give rise to non-perturbative states (which is due to the B-flux stuck inside of the P 1 's [27] ). However, as was argued in [24] , for certain compactifications we must turn off the B-flux, and wrapped D-branes do give rise to non-perturbative "twisted" sector states. Note that in the case of the Voisin-Borcea orbifolds in the present context these states would live in the non-compact R 3,1 part of the D5-brane world-volume, but they are localized at points on the fibre T 2 which the D5-branes wrap. This implies that such light twisted sector states do not have KK counterparts corresponding to the fibre T 2 . Thus, to obtain the additional chiral sectors with the lepton and quark quantum numbers we can consider certain nonperturbative orientifolds with twisted sectors. As explained in detail in [24] , such sectors do not possess world-sheet description. One way to understand such states is to consider the map [28] of (the T-dual of) the corresponding Type I vacuum to F-theory [29] . (Such a map for the Voisin-Borcea orbifolds was discussed in detail in [24] .)
Thus, in non-perturbative orientifold constructions there might be twisted sector states with some of the properties discussed in section II. Here we would like to point out the following. Consider such a non-perturbative compactification on a Voisin-Borcea orbifold. Geometrically it is clear that there are going to be (a multiple of) 4 fixed points (of T 2 /Z 2 ). Thus, if there are any chiral families coming from such fixed points, they will always appear in multiples of 4. (In certain cases it might be possible to reduce this multiplicity to 2 by considering Type IIA orientifolds with D4-branes so that the relevant orbifold is S 1 /Z 2 .) Here we are not particularly concerned with the multiplicity of such degenerate families. Rather, they will have identical Yukawa couplings with the electroweak Higgs doublets (which arise in the perturbative "untwisted" sectors). This is not very appealing for the following reason. It is not difficult to see that there are no renormalizable Yukawa couplings between the Higgs doublets and the "untwisted" sector generations. This simply follows from the fact that these states arise via the corresponding orbifold reduction of the parent N = 2 theory where such couplings are absent. This implies that to have a top-like generation we must have "twisted" sectors. However, the trouble here is that we will have more than one top-like generations coming from such twisted sectors as the number of the corresponding fixed points is always a multiple of two. (In fact, the corresponding bottom quarks as well as all the other quarks and leptons within these "twin" generations would also be degenerate.) This would make the entire scheme phenomenologically inviable.
Here we can think of two ways of possibly circumventing the above difficulty. First, we can turn on non-trivial Wilson lines on the fibre T 2 . These Wilson lines then can discriminate between the four fixed points of T 2 /Z 2 as the gauge quantum numbers of matter fields charged under SU(3) c ⊗ SU(2) w ⊗ U(1) Y can be different [30] . More precisely, as we explain in a moment, the Wilson lines should act trivially on the SU(3) c ⊗ SU(2) w ⊗ U(1) Y gauge quantum numbers, that is, the corresponding string model should contain the SU(3) c ⊗ SU(2) w ⊗ U(1) Y gauge subgroup before we turn on the Wilson lines. The Wilson lines can, however, act non-trivially on other gauge quantum numbers (corresponding to hidden and/or horizontal gauge symmetries), which could project out some of the original chiral generations and/or project in new ones with different quantum numbers under the other gauge subgroups. This way different fixed points can give rise to chiral generations with different couplings to the electroweak Higgs doublets (or, alternatively, we could imagine having only one twisted sector chiral generation with a large Yukawa coupling to the Higgs doublets). In fact, Wilson lines might even be necessary to obtain models with, say, (the net number of) three chiral families. Before we finish this discussion of possibly using Wilson lines, let us explain why the SU(3) c ⊗ SU(2) w ⊗ U(1) Y gauge subgroup should be present before turning on Wilson lines. An alternative would be to have a larger gauge group
It is not difficult to check that in this case the N = 2 β-function coefficients entering in the expression (6) for the heavy KK thresholds are no longer given by b a defined in (7), but rather by new β-function coefficients b ′ a . The latter are computed as follows. Take the N = 2 gauge theory with the gauge group G and the corresponding massless matter. Decompose each massless representation (including vector supermultiplets and hypermultiplets) according to the branchings under the breaking G ⊃ SU(3) c ⊗ SU (2) (5)), then all three β-function coefficients b ′ a are identical.) The corresponding heavy KK thresholds then do not give rise to the correct prediction for the low energy gauge couplings.
The second possibility for avoiding more than one top-like generations is to consider Z N orbifolds with N = 2. Thus, in analogy with the Voisin-Borcea orbifolds, we can consider Calabi-Yau three-folds with SU (3) holonomy given by the quotients
where W 2 is a K3 surface. Note that Z N must act crystallographically on T 2 , which implies that we can only have N = 2, 3, 4, 6. (The N = 2 case corresponds to the Voisin-Borcea orbifolds.) In the Z 3 case we have 3 fixed points of T 2 /Z 3 . Thus, here we will still need Wilson lines to discriminate between the fixed points. In the Z 4 case the number of points of T 2 fixed under Z 4 is multiple of 2, so Wilson lines would be required here as well. However, in the case of Z 6 we have only one point on T 2 which is fixed under the action of the generator g of Z 6 . Thus, the Z 6 twisted sectors (that is, the g and g 5 twisted sectors) may give rise to a top-like generation. Other (that is, Z 2 (i.e., g 3 ) and Z 3 (i.e., g 2 and g 4 )) twisted sectors in this Z 6 orbifold may also give rise to light generations (this depends on the choice of the gauge bundle), but their couplings with the electroweak Higgs doublets need not be the same as that of the chiral generation coming from the Z 6 twisted sectors.
Finally, we would like to make the following remark. The action of the Z 2 (and, more generally, Z N ) orbifold on the gauge quantum numbers is assumed to be trivial in the above discussions. (More precisely, this action is trivial on the quantum numbers under the SU(3) c ⊗ SU(2) w ⊗ U(1) Y gauge subgroup which must be present before orbifolding.) Here we can ask whether we could relax this requirement. The non-trivial issue that arises here is the same as in the discussion of the Wilson lines: if the orbifold group breaks some larger gauge symmetry G down to SU(3) c ⊗ SU (2) (2) w cannot be a subgroup of a simple group which is a subgroup of E 6 .) Thus, we can try SU (4) 
12 of E 6 . We have not been able to find (simple) matter contents for these gauge groups giving rise to the β-function coefficients b ′ a with the desired properties. This implies that the problem is rather restrictive, and the non-trivial solution we have found in this paper in the context of the Standard Model gauge group SU(3) c ⊗ SU(2) w ⊗ U(1) Y is not just "one out of many".
V. SUMMARY AND OPEN QUESTIONS
Let us summarize the discussions in the previous sections. We have considered an extension of the MSSM whose light spectrum contains new fields F ± in addition to the MSSM fields, and there also are N = 2 supersymmetric Kaluza-Klein modes corresponding to the wrapping of Dp-branes on (S 1 ) p−3 . The (one-loop) gauge coupling unification in our model occurs with just as good precision as in the MSSM. The unification scale depends on the details of the spectrum (more precisely, on the number n f of the "flavors" of quarks and leptons at heavy KK modes), as well as on the compactification radius R (of the S 1 's). For instance, if n f = 1 we have M s ≃ 10 TeV provided that (RM s ) p−3 ≃ 37. In the case of D4-branes this would imply that the radius R would have to be approximately 40 times inverse M s . This is a relatively large number, and one might wonder whether it is "natural". However, for such low values of M s to have the correct value for the four dimensional Planck scale some of the compactified directions transverse to the Dp-branes must be at least several orders of magnitude larger than 1/M s , so a factor of 40 does not seem so bad compared with the problem of the "hierarchy" of scales that the TeV string scenario faces. At any rate, in the case of D5-branes we have R ≃ 6/M s , which might appear more appealing.
Note that the unification at low scales such as 10 − 100 TeV via the heavy KK thresholds ultimately implies that the string coupling g s is not small, in fact, it is of order one (more precisely, the open string loop expansion parameter λ s N ∼ 1). On the one hand, this might appear disappointing as the corresponding string vacuum is strongly coupled, and one can no longer enjoy the benefits of perturbation theory. On the other hand, in string theory dilaton stabilization appears to imply that the corresponding string vacuum must have string coupling of order 1 [32, 2] , and all the known mechanisms of dilaton stabilization [33] also seem to support this conclusion. So perhaps the fact that the string coupling in the unification scenarios of this type is predicted to be of order 1 should be taken with moderate optimism.
Here we would like to emphasize that the particular model that we considered in this paper is not "generic" in the sense that at present we are not aware of any other models of this type where the gauge coupling unification "works" as well as in the MSSM. At first this might appear as a shortcoming, but there is a sense in which one can argue the opposite. 12 Here we would like to point out that light states with the F ± quantum numbers can arise in the "trinification" scenarios with the SU (3) c ⊗ SU (3) w ⊗ SU (3) gauge group. They can come from the Higgs chiral superfields in (1, 3, 3) ⊕ (1, 3, 3 ) of SU (3) c ⊗ SU (3) w ⊗ SU (3) which are required to break the latter down to SU (3) c ⊗ SU (2) w ⊗ U (1) Y . For a toy brane world embedding of the SU (3) c ⊗ SU (3) w ⊗ SU (3) gauge group with three chiral families, see [31] .
Thus, any attempt to lower the unification scale below M GU T (which is the prediction of the MSSM within the "desert" assumption) will always raise the following question: Is the unification within the MSSM a complete accident, or can it be explained by the new scenario which has the pretense of replacing the old framework? It would be nice if the latter were true. In our model this appears to be the case in the following sense. Basically, our model tells us that the gauge coupling unification in the MSSM is not an accident at all, but can be explained by the lack of experimental data. Thus, suppose for a moment that our model were (a part of) the correct description of nature above the electroweak scale. Then a theorist who does not know that there exist states F ± as well as the entire tower of the KK modes with extended (that is, N = 2) supersymmetry but does know (as an experimental fact) about the existence of all the MSSM fields (except for the electroweak Higgs doublets H ± whose existence is assumed for the standard radiative electroweak breaking mechanism to go through) will sooner or later find that the gauge couplings in the MSSM context unify. (Here we are taking N = 1 supersymmetry for granted.) The same theorist might be a bit surprised, however, when the new light (with masses of order of, say, a few hundred GeV) states F ± are discovered but the heavy KK modes are still inaccessible to a direct experimental detection. Only after the latter are also found the "true" unification scheme would become clear.
The above discussion indicates that discovery of light F ± states might have at least an indirect implication for our understanding of coupling unification. Our model predicts that if F ± are light enough (meaning that they are accessible to the present or near future collider experiments) the string scale should also be "around the corner". On the other hand, there is always a possibility that they are rather heavy, in which case our model would predict higher values of 1/R and M s which would most likely not be observed in the near future directly in the high energy scattering experiments.
Next, we would like to discuss the open questions surrounding the issue of "TeV scale" coupling unification. The most important issue, we believe, might be the lack of an explicit string construction of a vacuum with the desired properties. As we mentioned before, this might be due to the lack of necessary technology. Thus, as we pointed out in section IV, if our model is realized as an orientifold (or a Type I/Type I ′ compactification), it should be nonperturbative (not only in the sense that the corresponding string coupling is of order one, but also that some of the light states should come from wrapped D-brane sectors). Perturbative orientifolds in four dimensions with N = 1 supersymmetry have been understood rather fully by now [23] [24] [25] . In fact, "semi-realistic" models with three chiral generations of quarks and leptons were obtained in this frameworks in [25] . Non-perturbative orientifolds still need to be understood more completely, albeit some preliminary steps in these directions have been made in [34, 24] , and the framework (which makes use of various dualities) for making further progress has been set up in [24] . In any case, better understanding of Type I/Type I ′ , orientifold as well as F-theory compactifications to four dimensions is more than desirable.
Here we should point out that the heterotic M-theory framework [35] also might be interesting to consider in the present context. Thus, in [36] some progress has been made in understanding and formulating the systematic rules for constructing N = 1 supersymmetric heterotic M-theory vacua in four dimensions. This should facilitate model building in this context. It would, in particular, be interesting to see whether the (wrapped) M5-branes can accommodate the Standard Model. If so, one could attempt to lower the unification scale in this context as well. (Note that these vacua would also fall under the general category of the brane world picture.)
Finally, we should point out that there might be other ways of solving the unification problem in the TeV string context. One such scenario was suggested in [7] . Thus, imagine that the Standard Model fields live in the world-volume of not one set of parallel D-branes but rather in the intersection of different D-branes. In fact, the "bifundamental" structure of the Standard Model (or the MSSM) matter content bodes well with this picture provided that, say, SU(3) c and SU (2) w (and even U(1) Y ) live in the world-volumes of different branes. The gauge couplings of these gauge subgroups would then be determined by the corresponding compactification volumes which can be different. This could (at least partially) account for the differences between the observed low energy gauge couplings. An immediate objection to this scenario is that this would require some fine tuning of the compactification volumes, and the coupling unification in the MSSM would have to be a complete accident. The first objection might not be too sound as similar "fine tuning" can be argued to be required for, say, orbifold models where all three of the gauge subgroups come from the same set of the parallel branes (and the bifundamental matter arises due to the orbifold projections) 13 . In such compactifications the gauge couplings of the individual subgroups at the string scale are controlled by VEVs of certain closed twisted sector scalars [37] , and these VEVs must be fine-tuned to achieve equality of the gauge couplings at the string scale. Here we should point out that these VEVs might simply be zero once supersymmetry is broken as the corresponding soft masses (more precisely, their squares) can be positive at the origin (and this could occur dynamically). However, then we can ask whether in a scenario where different gauge subgroups come from different branes some dynamics can fix the corresponding compactification radii in a fashion consistent with the low energy data. Moreover, one could ask whether this mechanism could also explain the unification of couplings in the MSSM so it does no longer seem to be a complete accident. One idea along these lines was proposed in [2] where it was pointed out that in F-theory backgrounds with varying dilaton the gauge coupling "deunification" could (at least partially) be explained by the fact that the string coupling is different at different branes. It would be interesting to understand this and other possible dynamical mechanisms for solving the gauge coupling unification problem in more detail.
APPENDIX A: KALUZA-KLEIN THRESHOLDS
In this appendix we would like to sketch the computation which leads to the expression for the KK thresholds (6) . To begin with, let us consider the N = 2 theory with Φ superfields which arises upon a compactification of the corresponding six dimensional N = 1 supersymmetric gauge theory (living in the world-volume of D5-branes) on S 1 ⊗ S 1 . In the following we will be a bit more general and treat it as a compactification of a p + 1 dimensional theory (living in the world-volume of Dp-branes) on a product of (p − 3) identical circles of radius R. The KK spectrum of this theory consists of the states with masses M 2 m = m 2 /R 2 (m = (m 1 , . . . , m p−3 ), m 1 , . . . , m p−3 ∈ Z) with Φ quantum numbers. These states are N = 2 supersymmetric from the four dimensional viewpoint. They contribute into the renormalization of the low energy gauge couplings. Note that perturbatively there are no corrections beyond one loop in this theory, which is due to N = 2 supersymmetry. Moreover, in the D-brane context no other states contribute to the gauge coupling renormalization. This follows from the fact that in perturbative open string theory only BPS states can renormalize gauge couplings [38, 17] . In six dimensional N = 1 open string theories the only BPS states are the massless states, whereas all the other states are non-BPS as they come in six dimensional N = 2 (that is, four dimensional N = 4) supermultiplets. The latter, however, do not renormalize gauge couplings. We are, therefore, left only with the contributions of the KK modes (arising upon the compactification on S 1 ⊗ S 1 ) of the massless modes in six dimensions. Here we outline the calculation of the corresponding KK thresholds.
The computation of the gauge coupling renormalization due to the KK modes in this N = 2 theory is actually a field theoretic computation. In fact, the only place where string theory becomes relevant for this computation is in the discussion of the ultra-violet (UV) cut-off. The standard Coleman-Weinberg prescription gives the following simple result [10] : 
Here µ and Λ are the IR respectively UV cut-offs, and we have parametrized the subtraction scheme dependence by ξ. Next, we will identify Λ with the string scale M s , and α a (Λ) with α. This way we will obtain the expected logarithmic evolution of the low energy (µ ≪ 1/R < M s ) gauge couplings α a (µ). This logarithmic contribution comes from the massless modes with m = 0:
The IR finite threshold corrections ∆ a are due to the massive KK modes with m = (0, . . . , 0). The leading contribution (in the regime (RM s ) p−3 ≫ 1) to ∆ a can be readily evaluated using the Poisson resummation, and the result is given by [10] :
Note that the subtraction scheme dependent parameter ξ cannot be determined within these considerations alone 14 . However, in a given theory ξ affects the unification scale M s (for given values of the low energy gauge couplings). It could, therefore, be determined by fixing M s via some other low energy quantity (such as the Newton's constant G N ).
It is now straightforward to deduce the massive KK threshold corrections (6) in the model of section II. In fact, in this case we have ∆ a = ∆ a /2, where ∆ a are the massive KK threshold corrections (A3) in the parent N = 2 theory. This simply follows from the fact that the number of the massive KK states in the N = 1 theory is two times smaller than in the parent N = 2 theory due to the Z 2 orbifold action. Thus, we arrive at (6) with
The fact that the coefficient η p is two times smaller than in the parent N = 2 theory is not surprising: the Z 2 orbifold reduces the volume of the (p − 3) compact coordinates inside of the Dp-brane world-volume by a factor of two -the compactification space is (S 1 ) p−3 /Z 2 . That is,
This is consistent with the fact that the leading power-like contribution to the massive KK thresholds should scale with the compactification volume V p−3 in the same way as the inverse tree-level gauge coupling α.
